Abstract. In this paper we study the solutions and stability of the generalized Wilson's functional equation G f (xty)dµ(t)+ G f (xtσ(y))dµ(t) = 2f (x)g(y), x, y ∈ G, where G is a locally compact group, σ is a continuous involution of G and µ is an idempotent complex measure with compact support and which is σ-invariant. We show that G g(xty)dµ(t) + G g(xtσ(y))dµ(t) = 2g(x)g(y), x, y ∈ G if f = 0 and G f (t.)dµ(t) = 0. We also study some stability theorems of that equation and we establish the stability on noncommutaive groups of the classical Wilson's functional equation f (xy) + χ(y)f (xσ(y)) = 2f (x)g(y) x, y ∈ G , where χ is a unitary character of G.
Introduction and preliminaries
Althought d'Alembert's functional equation (1.1) f (x + y) + f (x − y) = 2f (x)f (y) for all x, y ∈ R for functions f : R −→ C on the real line has it roots back in d'Alembert's investigation of vibrating strings [10] from 1975. Furthermore, one solution of (1.1) is f (x) = cos(x), another f (x) = cosh(x). The obvious extension of (1.1) from R to an abelian group (G, +) is the functional equation f (x + y) + f (x − y) = 2f (x)g(y) for all x, y ∈ R.
Let us not that if f = 0 is a solution of equation (1.4) , then g satisfies equation (1.1) . Some general properties of the solutions of equation
(1.5) f (xy) + f (xσ(y)) = 2f (x)g(y) for all x, y ∈ G on a topological monoid equipped with a continuous involution σ can be found in [26] . Recently, Ebanks, Stetkaer [13] and Stetkaer [28] [4] . In [5] , J. Baker, J. Lawrence and F. Zorzitto introduced the superstability of the exponential equation [2] , [3] , [6] , [9] , [15] , [16] , [17] , [20] , [21] , [22] , [23] , [24] , [25] , [29] and [32] , for a thorough account on the subject of stability of functional equations. The aim of this paper is to study some properties of the solutions and Hyers-Ulam stability of some generalization of d'Alembert's and Wilson's functional equations which has been introduced in [14] . As an application we obtain the Hyers-Ulam stability of Wilson's functional equation (1.5) on groups that need not be abelian.
Throughout this paper, we Let G be a locally compact group, C(G) the complex algebra of all continuous complex valued functions on G. M (G) the Banach algebra of the complex bounded measures on G. It's the topolological dual of C 0 (G) : The Banach space of continuous functions vanishing at infinity. Let σ: G −→ G be a continuous involution of G, that is σ(xy) = σ(y)σ(x) and σ(σ(x)) = x for all x, y ∈ G. If µ ∈ M (G) is a measure with copmact support, we let µ σ denote the complex measure with compact support and defined by the relation: < µ σ , f >=< µ, f • σ >, f ∈ C(G), where < µ, f >= G f (t)dµ(t). We will say that µ is σ-invariant if µ = µ σ . We recall that the convolution measure µ * µ is the measure defined on C(G) by < µ * µ, f >= G G f (ts)dµ(t)dµ(s). Finally, for a continuous function f we let f µ (x) = G f (tx)dµ(t), x ∈ G and we say that 
The following theorem is a generalization of the result obtained by Ebanks, Stetkaer [13] . 
is a solution of the generalized d'Alembert's short functional equation (2.2).
Proof. The proof is closely related to the one obtained by Ebanks, Stetkaer [13] . Let us assume that the pair f, g is a solution of equation (2.1) with f = 0 and f (σ(x)) = −f (x) for all x ∈ G. By replacing y by σ(y) in (2.1) we get g(σ(x)) = g(x) for all x ∈ G. Now, we consider the new function
By using (2.1) we obtain
where the last identity is due to our assumption that µ is σ-invariant. Using equation (2.1) and the above computation to obtain
which is due to assumptions that f is odd and µ is σ-invariant. So, this implies that f (z)Ψ(x, y) + f (y)Ψ(x, z) = 0 for all x, y, z ∈ G and then we conclude that there exists c x ∈ C such that Ψ(x, y) = c x f (y), c x f (z)f (y) + c x f (y)f (z) = 0. We get for any x, y ∈ G Ψ(x, y) = 0. Now, since g is even: g(σ(x)) = g(x) for all x ∈ G and µ is σ-invariant we obtain
This means that
for all x, y ∈ G and this completes the proof. 
2).
In the proof we use the ideas of Stetkaer [28] . Let g be a non zero fixed solution of equation (2.1). We put W g : = {f : G −→ C| f is continuous, satisfies (2.1), f µ = f and f (e) = 0}. A continuous solution f of equation (2.1) such that f µ = f is odd iff f (e) = 0. If W g = {0} then we get the result from Theorem 2.1. Assume now that W g = {0}. Let f be a non zero solution of equation (2.1) such that f µ = 0. The function f µ is also a nonzero solution of equation (2.1). Since W g = {0}, (f µ ) µ = f µ , then f µ (e) = 0. Replacing f µ by f µ /f µ (e) we may assume that f µ (e) = 1. If h is a continuous solution of equation (2.
for all x, y ∈ G. Now, we will show that G f µ (xt)dµ(t) = f µ (x) for all x ∈ G. Since f µ satisfies (2.1) and µ * µ = µ then we get
which implies that G f µ (xs)dµ(s) = f µ (x), for all x ∈ G and then equation (2.4) can be written as follows. G f µ (xty)dµ(t) = f µ (x)f µ (y) for all x, y ∈ G. Substituting this result into
we get g(y) = fµ(y)+fµ(σ(y)) 2
and we can easily verify that g satisfies the generalized d'Alembert's short functional equation (2.2) . This ends the proof of theorem.
Hyers-Ulam stability of Wilson's functional equation

In [[8], Corollary 2.7 (iii)] the authors proved that if the function
is bounded and f is unbounded then g is a solution of the generalized d'Alemebert's long functional equation (2.3). In the following theorem under another kind of assumption we get that g is a solution of the generalized d'Alembert's short functional equation (2.2). 
is a solution of the generalized d'Alembert's short functional equation (2.2)
Proof. Assume that f, g satisfy inequality (3.1) where f is unbounded on G. So, for all x, y ∈ G we have
and by triangle inequality we find
for all x, y ∈ G. Since f is assumed to be unbounded, then we get g(σ(y)) = g(y) for all y ∈ G. In the rest of the proof we use some ideas of the proof of Theorem 2.1 and Theorem 2.2. First Case: We assume that the function x −→ f (x) + f (σ(x)) is a bounded function on G, that is |f (x) + f (σ(x))| ≤ β for some β ≥ 0 and for all x ∈ G. Let Ψ(x, y) = G g(xty)dµ(t) + G g(σ(y)tx)dµ(t) − 2g(x)g(y), x, y ∈ G. We will show that the function (x, y, z) −→ 2f (z)Ψ(x, y) + 2f (y)Ψ(x, z) is a bounded function when g is bounded. The above computations show that
So, we get 
1).
The other possibility is: g is a bounded function, then from (3.2) the function (x, y, z) −→ 2f (z)Ψ(x, y)+2f (y)Ψ(x, z) is a bounded function on G. Having assumed f unbounded, this implies that then there exists a sequence (z n ) n∈N such that lim n−→+∞ |f (z n )| = +∞. By using (3.2), there exists c x ∈ C such that Ψ(x, y) = c x f (y), and the function (x, y, z) −→ 2f (z)c x f (y) + 2f (y)c x f (z) is bounded. By using again the unboundedness of f we get c x = 0 for all x ∈ G. This means that 2f (z)Ψ(x, y) + 2f (y)Ψ(x, z) = 0 for all x, y, z ∈ G. The computations above shows that g is a solution of the generalized d'Alembert's short functional equation (2.2). Now, let f, g be functions such that f is unbounded on G and the function
) is a bounded function, so by using the precedent proof, we get g satisfies equation (2.2). For the rest of the proof we fixe g and we assume that f µ (e) = 0. Replacing f µ by f µ /f µ (e) we may assume that f µ (e) = 1. Consider the function δ a f (x) = G f (atx)dµ(t), x ∈ G. We can easily verify that the function
) is a bounded function on G. Then from above computations we get that g is a solution of equation (2.2). Now, assume that for all x ∈ G the function In [7] on general groups and under the hypotheses that the function (x, y) −→ f (xy) + f (xσ(y)) − 2f (x)g(y) is a bounded function on G × G, the function g satisfies d'Alembert's long functional equation
The following corollaries finishes the work on the Hyers Ulam stability of Wilson's functional equation
on groups when the solutions are unbounded functions.
If we let µ = δ e : The dirac measure concentrated at the identity element of G, we apply Theorem 2.3 to µ = δ e to obtain the following result which has been proved by several authors in the case where G is an abelian group. Kannappan and Kim [19] under the condition that f is even and f satisfies the Kannappan condition f (xyz) = f (yxz) for all x, y, z ∈ G. Recently, the authors proved the following result. 
The purpose in the following is to prove that in Theorem 3.6, case (a), the function g satisfies d'Alembert's short functional equation (3.15) . We notice here that the solutions of equation (3.15) are obtained by Stetkaer in [27] . Proof. In the proof we use similar reasoning to that in the proof of Theorem 2.3 and some author's computations [7] . Assume that the pair f, g satisfies inequality (3.16) where f is an unbounded function on G. First Case: We assume that the function x −→ f (x) + χ(x)f (σ(x)) is a bounded function on G, that is |f (x) + χ(x)f (σ(x))| ≤ β for some β ≥ 0 and for all x ∈ G. Let Ψ(x, y) = g(xy) + χ(y)g(σ(y)x) − 2g(x)g(y), x, y ∈ G. We will show that the function (x, y, z) −→ 2f (z)Ψ(x, y) + 2f (y)Ψ(x, z) is a bounded function in the special case when g is bounded. The computations in [7] show that 2f (z)Ψ(x, y) + 2f (y)Ψ(x, z) = µ(y)2f (zσ(y))g(x) + µ(z)2f (yσ(z))g(x) − µ(z)f (yxσ(z)) −µ(x)µ(y)f (zσ(x)σ(y)) − µ(y)f (zxσ(y)) − µ(x)µ(z)f (yσ(x)σ(z)) So, we get (3.17) |2f (z)Ψ(x, y) + 2f (y)Ψ(x, z)| ≤ 2β µ |g(x)| + 2β µ 2 for all x, y, z ∈ G. Now, we will discuss two subcases: If g is unbounded then from [ [7] , Theorem 2.2, (b)], we conclude that g is a solution of the generalized d'Alembert's short functional equation (3.15) . In the rest of the proof we examine the case of g a bounded function on G.
Then from (3.17) the function (x, y, z) −→ 2f (z)Ψ(x, y) + 2f (y)Ψ(x, z) is a bounded function on G. By using similar computations in the proof of Theorem 2.3 we get our result and this completes the proof.
